Bifurcation and post-buckling analysis of bimodal optimum columns  by Olhoff, Niels & Seyranian, Alexander P.
Available online at www.sciencedirect.comInternational Journal of Solids and Structures 45 (2008) 3967–3995
www.elsevier.com/locate/ijsolstrBifurcation and post-buckling analysis of bimodal
optimum columns
Niels Olhoﬀ a,*, Alexander P. Seyranian b
aDepartment of Mechanical Engineering, Aalborg University, Pontoppidanstraede 101, DK-9220 Aalborg, Denmark
b Institute of Mechanics, Moscow State Lomonosov University, Michurinsky pr. 1, 119192 Moscow, Russia
Received 10 December 2007; received in revised form 5 February 2008
Available online 14 February 2008Abstract
A mathematical formulation of column optimization problems allowing for bimodal optimum buckling loads is devel-
oped in this paper. The columns are continuous and linearly elastic, and assumed to have no geometrical imperfections. It
is ﬁrst shown that bimodal solutions exist for columns that rest on a linearly elastic (Winkler) foundation and have
clamped-clamped and clamped-simply supported ends. The equilibrium equation for a non-extensible, geometrically non-
linear elastic column is then derived, and the initial post-buckling behaviour of a bimodal optimum column near the bifur-
cation point is studied using a perturbation method. It is shown that in the general case the post-buckling behaviour is
governed by a fourth order polynomial equation, i.e., near the bifurcation point there may be up to four post-buckling
equilibrium states emanating from the trivial equilibrium state. Each of these equilibrium states may be either supercritical
or subcritical in the vicinity of the bifurcation point. The conditions for stability of these non-trivial post-buckling states
are established based on veriﬁcation of positive semi-deﬁniteness of a two-by-two matrix whose coeﬃcients are integrals of
the buckling modes and their derivatives. In the end of the paper we present and discuss numerical results for the post-
buckling behaviour of several columns with bimodal optimum buckling loads.
 2008 Elsevier Ltd. All rights reserved.
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The stability analysis of continuous and discrete nonlinear elastic systems requires the evaluation of critical
(bifurcation) points, post-critical equilibrium states and their stability.Anumber of important problems of struc-
tural stability are characterized by multiple buckling modes associated with the same critical buckling load. For
such problems the initial post-buckling behaviour is considerably more complicated compared with problems
with simple (unimodal) bifurcation points. An account of the fundamentals of structural stability theory and
post-buckling behaviour is given in the books and review articles by Hutchinson and Koiter (1970), Thompson0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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share a view of Koiter (1976) and his ﬁrm belief that an adequate understanding of buckling phenomena cannot
be achieved without proper knowledge and development of bifurcation theory. Here, it is worthwhile tomention
the books on bifurcation theory by Chow and Hale (1982), and Golubitsky and Schaeﬀer (1985).
Since the paper by Olhoﬀ and Rasmussen (1977) it is known that multimodal optimum solutions (designs)
naturally appear in many structural optimization problems, see e.g. the books by Gajewski and Zyczkowski
(1988), Zyczkowski (1989), the survey articles by Olhoﬀ (1980) and Olhoﬀ and Taylor (1983), and the papers
by Olhoﬀ and Niordson (1979), Olhoﬀ and Plaut (1983), Plaut and Olhoﬀ (1983), Seyranian (1984), Masur
(1984), Seyranian et al. (1994), Seyranian and Privalova (2003), and Atanackovic and Novakovic (2006). In
the paper by Seyranian and Mailybaev (2001) it is shown that typical conservative multi-parameter systems
exhibit multiple r-fold critical eigenvalues (and eigenmodes) if the number of parameters of the system exceeds
r(r + 1)/2. In spite of that, the post-buckling behaviour of structures optimized with respect to the buckling
load has not been studied thoroughly before. Some of the simple examples for multimodal optimum structures
with a few parameters were discussed by Thompson (1972), Thompson and Hunt (1973), and Tvergaard
(1973). They warned about ‘‘optimization as a generator of structural instability‘‘, ‘‘erosion of optimum
designs by imperfections”, ‘‘dangerous coupling of modes”, etc. In a recent paper by Mailybaev and Seyranian
(2008) general discrete symmetric potential systems with many degrees of freedom were considered, formulas
describing post-critical paths and their stability were derived in terms of the potential energy, and a classiﬁ-
cation of possible cases was given.
The present paper is devoted to stability analysis, optimization, and post-buckling analysis of continuous
elastic columns resting on an elastic foundation. In Section 1 we formulate the optimization problem for a
column and derive the necessary optimality conditions for bimodal and unimodal solutions. Section 2 presents
the numerical method to obtain the optimum solutions. In these sections of the paper, we mostly develop and
extend the study presented in our previous paper, see Seyranian et al. (1994), to the continuous case. Then, for
clamped-clamped and clamped-simply supported boundary conditions and diﬀerent values of the stiﬀness
coeﬃcient of the foundation, we obtain several bimodal optimum solutions. The equation for equilibrium
of a non-extensible and geometrically nonlinear elastic column resting on an elastic foundation is derived
in Section 3 of the paper. In Section 4, we study the post-buckling behaviour of the column near the bifurca-
tion point using a perturbation method. It is shown that in the general case the post-buckling behaviour is
described by a fourth order polynomial equation, which means that near the critical buckling load (the bifur-
cation point) there may be up to four post-buckling states emanating from the trivial equilibrium state. For
the bimodal clamped-clamped columns, the symmetry in the boundary conditions and the design gives sim-
pliﬁcation of the investigation of the post-buckling behaviour. Section 5 of the paper is devoted to the stability
study of the new equilibrium states. It is shown that the stability of a post-buckling equilibrium state can be
established based on veriﬁcation of positive semi-deﬁniteness conditions of a two-by-two matrix whose coef-
ﬁcients are integrals of the eigenmodes and their derivatives. Also results for post-buckling behaviour and sta-
bility of a post-buckling equilibrium state for unimodal columns (possessing only a single eigenmode at the
bifurcation point) are given. Section 6 then presents numerical results for post-buckling behaviour, both with
and without stability of post-buckling states, for several columns with bimodal optimum buckling eigenvalues.
Section 7 subsequently compares and discusses the post-buckling behaviour of the optimum columns relative
to the post-buckling behaviour of corresponding uniform columns, with a view to evaluate the inﬂuence of
optimization on the post-buckling characteristics. Finally, Section 8 concludes the paper.
1. Optimization problem
In this section, we brieﬂy present the formulation and optimality conditions for the problem of maximizing
the critical buckling load of a continuous column of constant volume, resting on an elastic foundation. This
and similar problems have been considered extensively in our previous papers, see e.g. Olhoﬀ and Plaut (1983),
Seyranian et al. (1994).
The linear buckling problem of a thin elastic column of variable, but geometrically similar cross-sections of
area a(x), resting on an elastic foundation with a constant stiﬀness modulus c and compressed by a longitu-
dinal force k, is governed by the 4th order diﬀerential equation for the deﬂection function y(x)
N. Olhoﬀ, A.P. Seyranian / International Journal of Solids and Structures 45 (2008) 3967–3995 3969ða2ðxÞy 00ðxÞÞ00 þ ky 00ðxÞ þ cyðxÞ ¼ 0 ð1:1Þ
Here, we use the non-dimensional variables and parameters introduced in Seyranian et al. (1994). We consider
clamped and simply supported boundary conditions. For example, if the column is clamped and simply sup-
ported at the ends x = 0 and x = 1, respectively, the boundary conditions areyð0Þ ¼ y 0ð0Þ ¼ 0; yð1Þ ¼ ða2y00Þx¼1 ¼ 0 ð1:2Þ
The eigenvalue problem (1.1), (1.2) is self-adjoint and positive-deﬁnite for smooth and positive functions a(x).
It possesses an inﬁnite number of buckling eigenvalues 0 < k1 6 k2 6 k3 6 . . ., and corresponding eigenfunc-
tions yj(x) (buckling modes). In the following we assume that the eigenmodes satisfy the orthonormality
conditionsZ 1
0
y 0iðxÞy0jðxÞdx ¼ dij ð1:3Þwhere dij is the Kronecker delta.
The optimization problem consists in applying the cross-sectional area function a(x) as a design variable
maximizing the smallest eigenvaluemax
aðxÞ
min
j¼1;2
kj ð1:4Þfor a given parameter c and satisfying the constant volume constraintZ 1
0
aðxÞdx ¼ 1 ð1:5Þ1.1. Unimodal necessary optimality condition
First we assume that the maximized smallest eigenvalue k1 corresponding to an optimum design a0(x) is
simple, k1 < k2 6 k3 6 . . ., with the eigenmode y1(x). To derive the necessary optimality condition we take a
variation in the formaðxÞ ¼ a0ðxÞ þ rgðxÞ ð1:6Þ
where g(x) is an arbitrary smooth function and r is a small parameter. Due to condition (1.5) we haveZ 1
0
gðxÞdx ¼ 0 ð1:7ÞBecause of the variation (1.6) the eigenvalues and eigenmodes of the problem (1.1), (1.2) will take increments
which can be given as series in the small parameter r, see Courant and Hilbert (1953).
For the ﬁrst eigenvalue and eigenmode we havek ¼ k1 þ rlþ r2mþ . . .
yðxÞ ¼ y1ðxÞ þ rwðxÞ þ r2sðxÞ þ . . .
ð1:8ÞInserting expansions (1.6), (1.8) into (1.1), (1.2) for the ﬁrst order terms we getða20ðxÞw00ðxÞÞ00 þ k1w00ðxÞ þ cwðxÞ þ ly001ðxÞ þ 2ða0ðxÞgðxÞy001ðxÞÞ00 ¼ 0 ð1:9Þ
wð0Þ ¼ w0ð0Þ ¼ 0; wð1Þ ¼ ða20w00 þ 2a0gy001Þx¼1 ¼ 0 ð1:10ÞNow we multiply Eq. (1.9) by w(x) and integrate by parts over [0,1] with the use of (1.10) and (1.2) for the
eigenmode y1(x). Taking into account (1.1) and (1.3) we obtainl ¼ 2
Z 1
0
a0y0021 gdx ð1:11Þ
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admissible functions g(x) satisfying constraint (1.7). Thus, we have the necessary optimality condition asa0ðxÞy0021 ðxÞ ¼ b0 ð1:12Þ
where the positive constant b0 is a Lagrange multiplier. It is determined by the volume constraint (1.5). Con-
dition (1.12) is known in the literature, see e.g. Olhoﬀ and Rasmussen (1977).
1.2. Bimodal necessary optimality condition
For the bimodal case when the smallest eigenvalue k1 ¼ k2 ¼ ~k < k3 6 . . . is associated with two linearly
independent eigenmodes y1(x) and y2(x) satisfying Eqs. (1.1)–(1.3), derivation of the necessary optimality con-
ditions becomes more complicated due to non-diﬀerentiability of multiple eigenvalues, see e.g. Seyranian et al.
(1994). Note that in this case any linear combination of the eigenmodes y1(x) and y2(x) is also an eigenmode.
That is why the perturbation of the ﬁrst eigenvalue and eigenfunctions due to the variation (1.6) is given ask ¼ ~kþ rlþ r2mþ . . .
yðxÞ ¼ y0ðxÞ þ rwðxÞ þ r2sðxÞ þ . . .
ð1:13Þwith the function y0(x) being a linear combination of the eigenmodes y1(x) and y2(x) with unknown coeﬃ-
cients a1 and a2, see Courant and Hilbert (1953)y0ðxÞ ¼ a1y1ðxÞ þ a2y2ðxÞ ð1:14Þ
We assume that the eigenmodes y1(x) and y2(x) satisfy the orthonormality condition (1.3).
Now we substitute (1.6), (1.13) into (1.1) and (1.2) and get the ﬁrst order terms asða20ðxÞw00ðxÞÞ00 þ ~kw00ðxÞ þ cwðxÞ þ ly 000ðxÞ þ 2ða0ðxÞgðxÞy000ðxÞÞ00 ¼ 0 ð1:15Þ
wð0Þ ¼ w0ð0Þ ¼ 0; wð1Þ ¼ ða20w00 þ 2a0gy 000Þx¼1 ¼ 0 ð1:16ÞWe multiply (1.15) by y1(x) and y2(x) and integrate over [0, 1]. Using integration by parts and Eqs. (1.1)–(1.3)
and (1.4), (1.16) we get a system of linear homogeneous equations with respect to the coeﬃcients a1 and a2a1 2
Z 1
0
a0y0021 gdx l
 
þ a2 2
Z 1
0
a0y001y
00
2gdx
 
¼ 0
a1 2
Z 1
0
a0y001y
00
2gdx
 
þ a2 2
Z 1
0
a0y0022 gdx l
 
¼ 0
ð1:17ÞFor a non-trivial solution of this system it is necessary to havedet
2
R 1
0 a0y
002
1 gdx l 2
R 1
0 a0y
00
1y
00
2gdx
2
R 1
0
a0y001y
00
2gdx 2
R 1
0
a0y 0022 gdx l
" #
¼ 0 ð1:18ÞFor the sake of simplicity let us introduce the functionsf1ðxÞ ¼ 2a0ðxÞy0021 ðxÞ; f 2ðxÞ ¼ 2a0ðxÞy0022 ðxÞ; f 12ðxÞ ¼ 2a0ðxÞy001ðxÞy 002ðxÞ ð1:19Þ
and the inner product of the functions h(x) and g(x) asðh; gÞ ¼
Z 1
0
hðxÞgðxÞdx ð1:20ÞWith (1.19), (1.20) Eq. (1.18) yieldsl2  l½ðf1; gÞ þ ðf2; gÞ þ ðf1; gÞðf2; gÞ  ðf12; gÞ2 ¼ 0 ð1:21Þ
This is a quadratic equation with respect to the unknown l with two solutions l1 and l2 (directional deriva-
tives) that give rise to a splitting of the double eigenvalue ~k into k1 ¼ ~kþ rl1 þ oðrÞ and k2 ¼ ~kþ rl2 þ oðrÞ.
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(1.7) it is necessary that the following condition is satisﬁedl1l2 6 0 ð1:22Þ
This condition means that the increments of the splitting eigenvalue must be of diﬀerent signs, i.e., one of
the eigenvalues will be less than or equal to ~k. Note that both of them cannot be less than ~k. Indeed, if there
exists a variation rg(x) satisfying (1.7) and giving rl1 < 0 and rl2 < 0, then according to Eq. (1.18) the var-
iation rg(x) will yield rl1 > 0 and r l2 > 0 which means that ~k is not a maximum for a suﬃciently small
jrj. Thus, inequality (1.22) is the necessary optimality condition for the problem (1.4), see also Masur and
Mro´z (1979) and Seyranian et al. (1994). Using Vieta’s theorem we get from (1.21), (1.22) that the inequalityðf1; gÞðf2; gÞ  ðf12; gÞ2 6 0 ð1:23Þ
must hold for an arbitrary variation g(x) satisfying the equalityð1; gÞ ¼ 0 ð1:24Þ
Let us formulate a theorem.
Theorem 1. If a double eigenvalue ~k with two eigenmodes y1 (x) and y2(x) corresponding to a0(x) is a maximum of
the fundamental eigenvalue of the problem (1.1), (1.2) then it is necessary that the functions f1, f2, f12 and 1 be
linearly dependentb1f1ðxÞ þ b2f2ðxÞ þ 2b12f12ðxÞ ¼ b0 ð1:25Þ
with the coefficients b1, b2, b12 satisfying the inequalityb1b2 P b
2
12 ð1:26ÞProof 1. If we assume that the functions f1, f2, f12 and 1 are linearly independent we can choose a variation
g(x) in the form of a linear combination of these functions with unknown coefﬁcientsgðxÞ ¼ c1f1ðxÞ þ c2f2ðxÞ þ 2c12f12ðxÞ  c0 ð1:27Þ
satisfying the conditionsðf1; gÞ ¼ l01 > 0; ðf2; gÞ ¼ l02 > 0
ðf12; gÞ ¼ 0; ð1; gÞ ¼ 0
ð1:28Þfor some ﬁxed values l01 > 0 and l
0
2 > 0. Substituting expression (1.27) into (1.28) we obtain a system of linear
homogeneous equations for the coeﬃcients c1, c2, 2c12 and c0 with the Gram matrix [(gi,gj)], i, j = 1, . . . ,4,
where we use the notation g1 = f1, g2 = f2, g3 = f12, g4 = 1. The determinant of the Gram matrix is known
to bedet½ðgi; gjÞP 0; i; j ¼ 1; . . . ; 4 ð1:29Þ
see Gantmacher (1998), and the equality sign holds if and only if the functions g1, g2, g3, g4 are linearly depen-
dent. Since we assumed that the functions f1, f2, f12 and 1 are linearly independent a solution c1, c2, 2c12 and c0
to Eq. (1.28) exists for arbitrary values l01 > 0 and l
0
2 > 0. This means that there exists a variation (1.27) yield-
ing for a sufﬁciently small r > 0 higher eigenvalues than ~k in contradiction with the assumption that ~k is the
maximum. Thus, the functions f1, f2, f12 and 1 must be linearly dependent, i.e. the equality (1.25) is valid.
To prove the second part of the theorem, i.e. inequality (1.26), we assume that at least one of the coeﬃcients
of the equality (1.25) is nonzero, for example, b12 6¼ 0. Then, we can express the functionf12ðxÞ ¼ ðb1f1ðxÞ þ b2f2ðxÞ  b0Þ=ð2b12Þ ð1:30Þ
and substitute it into (1.23). Using (1.24) we get a quadratic form of the variables (f1,g) and (f2,g)½b1ðf1; gÞ þ b2ðf2; gÞ2  4b212ðf1; gÞðf2; gÞP 0 ð1:31Þ
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expressing another function from equality (1.25) leads to the same inequality (1.26). Thus, the second condi-
tion (1.26) of the theorem is proved.
We note that the optimality conditions similar to (1.25), (1.26) for discrete eigenvalue problems appeared in
Bratus and Seyranian (1983), Masur (1984) and Seyranian et al. (1994). Here, we have presented a simple
proof for the continuous eigenvalue problem.
According to (1.19), condition (1.25) can be given in the forma0ðxÞðb1y0021 ðxÞ þ 2b12y 001ðxÞy002ðxÞ þ b2y0022 ðxÞÞ ¼ b0 ð1:32Þ
with the coeﬃcients b1, b2, b12 satisfying inequality (1.26).
If we consider symmetric boundary conditions at the ends x = 0 and x = 1 and assume symmetric optimum
design a0(x) = a0(1  x) then we can take in (1.32) antisymmetric y1(x) = y1(1  x) and symmetric
y2(x) = y2(1  x) eigenmodes. Since y001ðxÞ ¼ y001ð1 xÞ and y002ðxÞ ¼ y002ð1 xÞ, the antisymmetric term
2b12a0ðxÞy001ðxÞy002ðxÞ in (1.32) must drop out, and we have b12 = 0. The inequality (1.26) becomes just b1b2
P0 meaning that the coefﬁcients b1 and b2 must be of the same sign. For given value of the foundation
stiffness modulus c and boundary conditions it is not known a priori whether the optimum solution will be
unimodal or multimodal.2. Method of optimization
Based on the results of the foregoing section, we now develop a numerical method of solution of problems
where the optimum eigenvalue may be single- or bimodal. The method is an optimality criterion approach
based on successive iterations. In each iteration, based on the cross-sectional area function a(x) (the design
variable) determined in the previous iteration, we solve the eigenvalue problem (1.1)–(1.3) for a suﬃcient num-
ber of the lowest (candidate) eigenvalues and corresponding eigenfunctions, and compute the functions f1, f2
and f12 in (1.19) (in case of a bimodal eigenvalue). Based on this data, we can determine an improving incre-
ment Da(x) of the design variable function as described in the following, and hence improve the design variable
function a(x) that constitutes the basis for the subsequent iteration.
2.1. Bimodal eigenvalue
Assume ﬁrst that at a given iteration stage, the design is associated with a bimodal eigenvalue k1 ¼ k2 ¼ ~k
or that the two lowest eigenvalues k1 < k2 are very close such that k2  k1 6 d where d is a small tolerance
which we assume to be speciﬁed.
As suggested by (1.6) and (1.27), we take the increment function asDaðxÞ ¼ rgðxÞ; gðxÞ ¼ c1f1ðxÞ þ c2f2ðxÞ þ 2c12f12ðxÞ  c0 ð2:1Þ
where r is a small scaling factor. Note that later g(x), and hence Da(x) will tend to vanish as the optimum
solution is approached. In (2.1), the functions f1(x), f2(x) and f12(x) are deﬁned in (1.19), and the coeﬃcients
c1, c2, c12 and c0 are unknowns to be determined.
Now, instead of using the function g(x) and the directional derivatives l1 and l2, see (1.18) and (1.21), we
prefer to work with the ﬁrst order increments Dk1 = rl1 and Dk2 = rl2 of the bimodal eigenvalue ~k that
directly correspond to a given increment function Da(x) of the design variable a(x). To this end, we multiply
each component in (1.18) by r, apply (1.19) and (1.20), and instead of (1.18) obtain the following quadratic
equation for the increments Dk1 and D k2det
ðf1;DaÞ  Dk ðf12;DaÞ
ðf12;DaÞ ðf2;DaÞ  Dk

 ¼ 0 ð2:2ÞClearly, the increment function Da(x) for the iterative computational procedure can be chosen in many ways.
The Eq. (2.2) leads us to choose the following four simultaneous conditions as a basis for determining the four
coeﬃcients c1, c2, c12 and c0 in the expression for Da(x) in (2.1)
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Dk2 ¼ ðf2;DaÞ ¼ k1  k2 þ r ð2:4Þ
ðf12;DaÞ ¼ 0 ð2:5Þ
ð1;DaÞ ¼ 0 ð2:6ÞHere, r is a small positive number, and it is assumed that the diﬀerence (k1  k2) is small compared with r. The
value of r should be chosen such as to keep the increments Dk1 and Dk2 small to ensure convergence of the
iteration process.
Eqs. (2.3)–(2.6) can be compared with (1.28) with l01 ¼ 1 and l02 ¼ 1þ ðk1  k2Þ=r. Eq. (2.6) expresses the
constant volume constraint in (1.5), while (2.5) imposes a diagonalization of the matrix in (2.2) which reduces
the solutions Dk1 and Dk2 of (2.2) to those expressed by the ﬁrst equality signs in (2.3) and (2.4). These expres-
sions imply that Dk1 and Dk2 are precisely the increments of k1 and k2, respectively, whose indices correspond
to the directly identiﬁable eigenfunctions y1(x) and y2(x) obtained from the solution of the eigenvalue problem
for the current design.
It is seen from (2.3) and (2.4) that if k1 = k2 at a given iteration stage, we specify Dk1 and D k2 to be equal
and positive with a view to obtain an increase of the bimodal eigenvalue. If the two lowest eigenvalues are
diﬀerent (within the small tolerance d), we assign the index 1 to the smallest eigenvalue and the corresponding
eigenfunction, prescribe the value r for its increment Dk1, see (2.3), and assign a slightly smaller value to the
increment Dk2 of the next eigenvalue k2, see (2.4), with a view to make k1 and k2 equal in the next iteration.
Substituting now (2.1) into (2.3)–(2.6) we obtain the following linear system of equations for determining
the unknown coeﬃcients c1, c2, c12 and c0ðf1; f1Þ ðf1; f2Þ ðf1; f12Þ ðf1; 1Þ
ðf2; f1Þ ðf2; f12Þ ðf2; 1Þ
ðf21; f12Þ ðf12; 1Þ
symmetric ð1; 1Þ
2
6664
3
7775
c1
c2
2c12
c0
2
6664
3
7775 ¼
1
1þ ðk1  k2Þ=r
0
0
2
6664
3
7775 ð2:7Þwith the Gram matrix [(gi,gj)], i, j = 1, . . . ,4, where the notation g1 = f1, g2 = f2, g3 = f12, g4 = 1 is used, see the
preceding section. Having solved (2.7), we substitute the coeﬃcients c1, c2, c12 and c0 into (2.1) to get the new
increment function Da(x) of the design variable.
According to (1.29) the determinant of the coeﬃcient matrix in (2.7) is non-negative, and it only vanishes if
the functions f1(x), f2(x), f12(x) and 1 become linearly dependent, which is the necessary condition for an opti-
mum bimodal solution, cf. the Theorem and (1.25) in the preceding section. The latter implies that the incre-
ment function Da(x) in (2.1) vanishes at the bimodal optimum with c1f1(x) + c2f2(x) + 2c12f12(x)  c0 = 0. This
implies that in addition to Da(x)? 0 in (2.1) we have Dk1? 0 and Dk2? 0 as we approach the bimodal opti-
mum solution. Then, we have to check the second necessary condition c1c2 > c
2
12 for the bimodal optimum,
see (1.26). If this condition is satisﬁed, we stop the iteration process and regard the obtained solution to be
optimum.
2.2. Unimodal eigenvalue
Let us ﬁnally consider the case where the design obtained at a given iteration stage is associated with a sim-
ple eigenvalue k1 with k2  k1 > d. In that case we wish to increase k1 by single modal steps of redesign. The
eigenvalue increment and the volume constraint are then expressed byDk1 ¼ ðf1;DaÞ ð2:8Þ
ð1;DaÞ ¼ 0 ð2:9Þand the function of increment of the design variable is taken in the single modal formDaðxÞ ¼ rðf1ðxÞ  c0Þ ð2:10Þ
where r is again a small scaling factor. The a` priori unknown constant c0 is determined by substituting (2.10)
into (2.9) which gives
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and substitution of (2.10) and (2.11) into (2.8) yields the Cauchy–Bunyakowski inequalityDk1 ¼ r½ðf1; f1Þ  ð1; f1Þ2P 0 ð2:12Þ
for the increment Dk1 of the eigenvalue. Here we used that (1,1) = 1. Thus, each step of redesign increases the
eigenvalue k1 while satisfying the volume constraint (2.9), and this continues until f1 and 1 become linearly
dependent, i.e.,f1ðxÞ ¼ c0 ð2:13Þ
which is the necessary condition for single modal optimality of the fundamental eigenvalue k1.
2.3. Some comments
If, during a single modal iterative procedure, the distance between k1 and k2 decreases and we get
k2  k1 6 d at a certain stage, then we perform subsequent iterations using the bimodal eigenvalue optimiza-
tion procedure described earlier. This may decrease the distance between the eigenvalues k3 and the bimodal
eigenvalue k1 = k2, and if these eigenvalues coalesce, it is necessary to adopt a trimodal optimization scheme
for subsequent iterations, etc. Note that in addition to the (single or multiple) fundamental eigenvalue sub-
jected to treatment at a given stage of the iterative procedure, it is also necessary to know the value of the next
(higher order) eigenvalue in order to be able to capture its possible coalescence with the fundamental eigen-
value and update the subsequent computations. Actually, it is straight-forward to construct a multimodal
scheme for optimization of eigenvalues of any multiplicity by generalization of the method described above,
see e.g. Du and Olhoﬀ (2007).
2.4. Examples
Several examples of numerical solutions to the optimization problem (1.4), (1.5) for diﬀerent values of the
foundation modulus c are illustrated in Section 6 for elastically supported columns with clamped-clamped
ends (Figs. 2, 4, 6, 8) and clamped-simply supported ends (Figs. 10, 12–14). The optimum solutions are
obtained for ‘‘stepped” columns with geometrically similar (e.g., circular) cross-sections. Thus, the columns
are sub-divided into I = 50 segments of equal length over the interval [0,1] for x and considered to have indi-
vidual, constant cross-sectional areas ai(x) = ai over each of the segments xi1 6 x 6 xi, i = 1, . . . ,I, and the
values of ai are treated as design variables.
The middle parts of the above-mentioned ﬁgures all show the optimum designs of the columns, and their
upper parts depict the eigenfunction(s) associated with the fundamental buckling eigenvalues of the designs.
The value of the optimum fundamental eigenvalue k and its ratio k/ku relative to a corresponding uniform
column with the same volume, length and support conditions, are stated in the captions of the ﬁgures. Note
that all the optimum designs shown are bimodal, with exception of the design in Fig. 10 which is single modal.
The lower parts of the ﬁgures show the post-buckling equilibrium states of the optimum columns, the deter-
mination of which is the subject of the subsequent sections of this paper.
3. Nonlinear elastica
We now consider the geometrically nonlinear buckling problem, assuming that the column is non-extensi-
ble and that its elastic axis is described by non-dimensional functions x(s), w(s), 0 6 s 6 1, where s is a length
coordinate along the deﬂected column axis. The column has the cross-sectional area function a(s) and in this
and the following two sections, it is not necessarily an optimum column.
The total energy of the column is given by the integral expressionV ¼ 1
2
Z 1
0
a2ðsÞw002ðsÞ
1 w02ðsÞ dsþ
1
2
Z 1
0
cw2ðsÞds k
Z 1
0
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 w02ðsÞ
q 
ds ð3:1Þ
N. Olhoﬀ, A.P. Seyranian / International Journal of Solids and Structures 45 (2008) 3967–3995 3975see e.g. Thompson and Hunt (1973). Taking variation of the initial function w(s) in the form w(s) + ag(s),
where a is a small parameter, and g(s) is an arbitrary admissible function (i.e. suﬃciently smooth and satisfy-
ing the boundary conditions), we ﬁnd the ﬁrst variation of the total energy functionaldV ¼ lim
a!0
@V ½wðsÞ þ agðsÞ
@a
¼
Z 1
0
a2w00g00
1 w02 þ
a2w002w0g0
ð1 w02Þ2 
kw0g0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 w02
p þ cwg
 !
dsUsing integration by parts for all classical boundary conditions, we getdV ¼
Z 1
0
a2w00
1 w02
 00
 a
2w002w0
ð1 w02Þ2
 !0
þ kw
0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 w02
p
 0
þ cw
 !
gds ð3:2ÞAt an equilibrium state we have dV = 0 for arbitrary variation g(s). From this condition we obtain a nonlinear
equation for the deﬂection function w(s) depending on the load ka2w00
1 w02
 00
 a
2w002w0
ð1 w02Þ2
 !0
þ kw
0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 w02
p
 0
þ cw ¼ 0 ð3:3ÞIt is easy to verify that this equation can be transformed to the form1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 w02
p a
2w00ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 w02
p
 0 !0
þ kw
0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 w02
p
 0
þ cw ¼ 0 ð3:4ÞIf the nonlinear term w
02(s) is negligibly small we obtain the usual linear 4th order Eq. (1.1) for the buckling
problem of a column resting on an elastic foundation.4. Post-buckling behaviour
We now study the initial post-buckling behaviour of a bimodal column with the cross-sectional area func-
tion a(s) using a perturbation technique. We assume that at the bifurcation point k0 (the critical buckling load)
new non-trivial equilibrium states evolve from the trivial equilibrium state w(s)  0. Assuming that these non-
trivial equilibrium states are small we takewðsÞ ¼ eyðsÞ ð4:1Þ
where e > 0 is a small parameter, and y(s) satisﬁes the normalization conditionZ 1
0
y 02ðsÞds ¼ 1 ð4:2ÞHence, e is equal to the norm of the deﬂection functione ¼
Z 1
0
w02ðsÞds
 1=2
ð4:3ÞWe substitute (4.1) in (3.4) and ﬁnd a solution to this equation in the form of expansionsyðsÞ ¼ y0ðsÞ þ e2vðsÞ þ . . .
k ¼ k0 þ e2lþ . . .
ð4:4ÞOnly even powers of e are taken in (4.4) since in (3.4) all the nonlinear terms appear due to
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e2y02ðsÞp . Note
that in addition to (4.3), via (4.4) here and in the following the norm e can be expressed in a ﬁrst approxima-
tion through the load k as e ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðk k0Þ=lp .
The sign of l in the expansion of k in (4.4) determines whether the initial post-buckling behaviour of the
column will be supercritical (l > 0) or subcritical (l < 0) implying, respectively, increasing or decreasing values
of k as a function of the norm e of the deﬂection function near the bifurcation point k0, see Fig. 1.
  
λ
λ0
ε
λ
λ0
ε
Fig. 1. (a) Supercritical bifurcation (l > 0). (b) Subcritical bifurcation (l < 0).
3976 N. Olhoﬀ, A.P. Seyranian / International Journal of Solids and Structures 45 (2008) 3967–3995Substitution of expansions (4.4) into (3.4) yields in the ﬁrst order approximation with respect to e the linear
equationLy0  ða2y000Þ00 þ k0y000 þ cy0 ¼ 0 ð4:5Þ
with the corresponding boundary conditionsy0ð0Þ ¼ y00ð0Þ ¼ 0; y0ð1Þ ¼ ða2y 000Þs¼1 ¼ 0 ð4:6Þ
Here, we take clamped—simply supported boundary conditions but the results are also true for other classical
boundary conditions. A solution to the problem (4.5), (4.6) takes the formy0ðsÞ ¼ c1y1ðsÞ þ c2y2ðsÞ ð4:7Þ
where y1(s) and y2(s) are two linearly independent eigenmodes satisfying the orthonormality condition (1.3)Z 1
0
y0iðsÞy0jðsÞds ¼ dij; i; j ¼ 1; 2 ð4:8Þand c1, c2 are unknown coeﬃcients. Using Eqs. (4.2), (4.4), (4.7) and (4.8) we ﬁndc21 þ c22 ¼ 1 ð4:9Þ
This equation connects the coeﬃcients of the linear combination (4.7).
The third order approximation with respect to e results inLvþ 1
2
ðy 020 ða2y000Þ0Þ0 þ
1
2
ða2y 000y 020 Þ00 þ ly 000 þ
3
2
k0y000y
02
0 ¼ 0 ð4:10Þwhere L is the diﬀerential operator introduced in (4.5). We multiply (4.10) by yi(s), i = 1, 2 and integrate over
the interval [0,1]. With integration by parts and use of the boundary conditions we obtain the equationsZ 1
0
a2y000y
02
0 y
00
i dsþ
Z 1
0
a2y0020 y
0
0y
0
ids
k0
2
Z 1
0
y030 y
0
ids ¼ l
Z 1
0
y00y
0
ids; i ¼ 1; 2 ð4:11ÞHere, we have used the equality
R 1
0 yiLvds ¼
R 1
0 vLyids ¼ 0 since Lyi = 0, i = 1, 2, and the identitiesZ 1
0
ða2y000y020 Þ00yids ¼
Z 1
0
a2y 000y
02
0 y
00
i dsZ 1
0
ðy020 ða2y000Þ0Þ0yids ¼ 2
Z 1
0
a2y0020 y
0
0y
0
idsþ
Z 1
0
a2y 000y
02
0 y
00
i ds
3
Z 1
0
y 000y
02
0 yids ¼ 
Z 1
0
y030 y
0
ids;
Z 1
0
y000yids ¼ 
Z 1
0
y 00y
0
ids
ð4:12ÞSubstituting (4.7) into (4.11) we get two nonlinear equations
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c31B1 þ c21c2B2 þ c1c22B3 þ c32B4 ¼ lc2;
ð4:13Þwhere the coeﬃcients Ai, Bi, i = 1, . . . ,4 are the integrals, depending on the eigenmodes y1(s), y2(s) and their
derivatives, deﬁned by (4.11).
Eqs. (4.13), (4.9) constitute the system of equations for three unknown quantities c1, c2 and l. These equa-
tions describe the nonlinear paths emanating from the trivial solution w(s)  0 at the bifurcation point k0.
In a general (non-symmetrical) case one can eliminate l from (4.13) and obtain the fourth order polynomial
of the quantity c = c1/c2 asA4c4 þ ðA3  B4Þc3 þ ðA2  B3Þc2 þ ðA1  B2Þc B1 ¼ 0 ð4:14Þ
Since the coeﬃcients of this equation are real, it may have four, two or no real roots. Calculating a real root c
of this equation we determine (up to the sign) the coeﬃcients c1 and c2 from condition (4.9), and then ﬁnd
uniquely the value of l from one of the Eqs. (4.13).
4.1. Case of symmetric bimodal columns
If we assume that the boundary conditions and the column design are symmetric a(s) = a(1  s), then anti-
symmetric y1(s) = y1(1  s) and symmetric y2(s) = y2(1  s) eigenmodes can be used as basis functions. This
symmetry leads to the equalities A2 = A4 = 0 and B1 = B3 = 0 which simplify Eq. (4.13), and we obtainc31A1 þ c1c22A3 ¼ lc1
c21c2B2 þ c32B4 ¼ lc2;
ð4:15Þwhere we haveA1 ¼ 2
Z 1
0
a2y 0021 y
02
1 ds
k0
2
Z 1
0
y041 ds
A3 ¼
Z 1
0
a2y0021 y
02
2 dsþ
Z 1
0
a2y 0022 y
02
1 dsþ 4
Z 1
0
a2y001y
00
2y
0
1y
0
2ds
3k0
2
Z 1
0
y021 y
0
2ds
B2 ¼ A3; B4 ¼ 2
Z 1
0
a2y0022 y
02
2 ds
k0
2
Z 1
0
y042 ds
ð4:16ÞThe system of Eqs. (4.15) with (4.9) has four groups of solutions in the formI: c1 ¼ 1; c2 ¼ 0; l1 ¼ A1; w1ðsÞ ¼ ey1ðsÞ
II: c1 ¼ 0; c2 ¼ 1; l2 ¼ B4; w2ðsÞ ¼ ey2ðsÞ
III–IV: c1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B4  B2
A1 þ B4  2B2
r
; c2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A1  B2
A1 þ B4  2B2
r
;
l3 ¼ l4 ¼
A1B4  B22
A1 þ B4  2B2 ;
w3ðsÞ ¼ eðc1y1ðsÞ þ c2y2ðsÞÞ
w4ðsÞ ¼ eðc1y1ðsÞ  c2y2ðsÞÞ
ð4:17ÞIt is supposed that the radicands in (4.17) are positive; otherwise the solutions III and IV are non-existing.
Note that according to (4.1), (4.4) and (4.7) the quantities c1, c2 and l determine in a ﬁrst approximation new
equilibrium states w(s) branching out from the trivial solution w(s)  0 at the bifurcation point k0.
5. Stability of new equilibrium states
To study the stability properties of the new post-buckling equilibrium states w(s) we investigate the second
order variation d2 V of the total energy functional (3.1)
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2
lim
a!0
@2V ½wðsÞ þ agðsÞ
@a2
ð5:1ÞTaking the second order derivative we obtaind2V ¼
Z 1
0
a2g002
2ð1 w02Þ þ
ð1þ 3w02Þa2w002g02
2ð1 w02Þ3 
a2w0w00
ð1 w02Þ2
 !0
g02  kg
02
2ð1 w02Þ3=2
þ cg
2
2
 !
ds ð5:2ÞThe third term in (5.2) is obtained using integration by parts. We see that (5.2) is a quadratic functional with
respect to the variation function g(s) and its derivatives.
At a stable equilibrium state the total energy V attains its minimum value. This means that at a given stable
equilibrium state k, w(s) the conditions dV = 0 and d2VP 0 must be fulﬁlled for arbitrary smooth functions
g(s) satisfying the boundary conditions. For the sake of simplicity we represent the functional (5.2) in the formd2V ¼ 1
2
Z 1
0
ðb1ðwÞg002 þ b2ðwÞg02  kb3ðwÞg02 þ cg2Þds ð5:3Þwhereb1 ¼ a2ð1 w02Þ1; b3 ¼ ð1 w02Þ3=2
b2 ¼ a
2ð1þ 3w02Þw002
ð1 w02Þ3  2
a2w0w00
ð1 w02Þ2
 !0 ð5:4ÞAssuming that k, w(s) are known, i.e. all coeﬃcients b1, b2, b3 are given, we now ﬁnd the minimum of d
2V with
respect to g(s) under the constraintZ 1
0
g02ds ¼ 1 ð5:5ÞThe Euler–Lagrange equation for an extremal g(s) is, see Elsgolc (1961)@F
@g00
 00
 @F
@g0
 0
þ @F
@g
¼ 0 ð5:6Þwhere F is Lagrange’s function with an unknown Lagrange’s multiplier m/2F ¼ 1
2
ðb1g002 þ b2g02 þ cg2  kb3g02Þ  m
2
g02 ð5:7ÞWith (5.6), (5.7) we obtain the following eigenvalue problem with a self-adjoint linear diﬀerential operatorðb1g00Þ00  ðb2g0Þ0 þ kðb3g0Þ0 þ cg ¼ mg00 ð5:8Þ
gð0Þ ¼ g0ð0Þ ¼ 0; gð1Þ ¼ ða2g00Þs¼1 ¼ 0 ð5:9ÞIn (5.8), (5.9) m is an eigenvalue, and g(s) the corresponding eigenmode. If we multiply (5.8) by g(s) and inte-
grate over [0,1] with the boundary conditions (5.9) we getd2V ¼ m
Z 1
0
g02ds ¼ m ð5:10ÞHence, the necessary condition for a minimum of d2V under the constraint (5.5) is that the lowest eigenvalue
of the problem (5.8), (5.9) must be greater than or equal to zero, mP 0.
Earlier we have found the solutions w(s) (new equilibrium states) in the vicinity of the bifurcation point (the
buckling load k0) as expansions in the small parameter e deﬁned in (4.3),k ¼ k0 þ e2lþ . . .
wðsÞ ¼ eðy0ðsÞ þ e2vðsÞ þ . . .Þ
y0ðsÞ ¼ c1y1ðsÞ þ c2y2ðsÞ
ð5:11Þ
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a series of e2b1 ¼ a2 þ e2d1 þ . . . ; b2 ¼ e2d2 þ . . . ; b3 ¼ 1þ e2d3 þ . . . ð5:12Þ
where we haved1 ¼ a2y020 ; d2 ¼ a2y0020  2ða2y000y00Þ0; d3 ¼ 3y020 =2 ð5:13Þ
Then we can ﬁnd a solution of the eigenvalue problem (5.8), (5.9) by using the perturbation technique. Taking
expansionsgðsÞ ¼ g0ðsÞ þ e2g1ðsÞ þ . . .
m ¼ m0 þ e2m1 þ . . .
ð5:14Þand substituting them into (5.8), (5.9), we obtain in the zeroth order approximation of eLg0 ¼ ða2g000Þ00 þ k0g000 þ cg0 ¼ m0g000
g0ð0Þ ¼ g00ð0Þ ¼ 0; g0ð1Þ ¼ ða2g000Þs¼1 ¼ 0
ð5:15ÞNote that the diﬀerential operator L has been introduced in (4.5).
Since we are looking at the vicinity of k0 we havem0 ¼ 0; g0ðsÞ ¼ a1y1ðsÞ þ a2y2ðsÞ ð5:16Þ
where y1(s) and y2(s) are the eigenmodes corresponding to the double eigenvalue k0, and a1 and a2 are un-
known constants.
In the second order approximation in e we obtain the equation and the boundary conditions for g1(s), m1Lg1 þ ðd1g000Þ00  ðd2g00Þ0 þ k0ðd3g00Þ0 þ lg000 ¼ m1g000 ð5:17Þ
g1ð0Þ ¼ g01ð0Þ ¼ 0; g1ð1Þ ¼ ða2g001Þs¼1 ¼ 0 ð5:18ÞNow we multiply (5.17) by the eigenmodes yj(s), j = 1, 2 and integrate over [0,1]. Taking (5.16) into account,
we obtainZ 1
0
yjLg1dsþ
X2
i¼1
ai
Z 1
0
ðd1y00i Þ00  ðd2y0iÞ0 þ k0ðd3y0iÞ0 þ ly00i þ m1y00i
 
yjds ¼ 0; j ¼ 1; 2 ð5:19ÞUsing boundary conditions (5.18) for g1 and those for yi, yj and integrating by parts we ﬁndX2
i¼1
aiðlij  m1dijÞ ¼ 0; j ¼ 1; 2 ð5:20Þwhere lij is a symmetric matrix with the componentslij ¼
Z 1
0
ðd1y00i y 00j þ d2y0iy 0j  k0d3y 0iy0j  ly0iy0jÞds; i; j ¼ 1; 2 ð5:21ÞIn deriving (5.20) we have used the equalityZ 1
0
yjLg1ds ¼
Z 1
0
g1Lyjds ¼ 0 ð5:22Þsince Lyj = 0 for the eigenmodes yj, j = 1, 2.
We notice that (5.20) is a system of linear homogeneous equations for the coeﬃcients a1 and a2. A non-triv-
ial solution of (5.20) exists only if the determinant of (5.20) is equal to zero,detðlij  m1dijÞ ¼ 0; i; j ¼ 1; 2 ð5:23Þ
This is a quadratic equation for eigenvalues m1. If a new equilibrium state is stable then both roots m1 of (5.23)
are nonnegative. And if at least one of the roots is negative the equilibrium state is unstable because the second
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metric matrix lij in (5.21) must be semi-positive-deﬁnite. This implies the conditionsl11 P 0; l22 P 0; l11l22  l212 P 0 ð5:24Þ
With the use of (5.21) and (5.13) the elements of the matrix lij can be given in the formlij ¼
Z 1
0
a2y020 y
00
i y
00
j þ a2y0020 y 0iy0j þ 2a2y000y00ðy00i y0j þ y0iy 00j Þ  3=2k0y 020 y0iy0j
 	
ds ldij; i; j ¼ 1; 2 ð5:25ÞNote that y0(s) = c1y1(s) + c2y2(s) and that c1, c2 and l are given by Eqs. (4.9) and (4.13).
First, we study stability of the trivial equilibrium state w(s)  0 in the vicinity of the bifurcation point
k = k0 + e
2l, l being a positive or negative number. For this case according to (5.13) we haved1 ¼ d2 ¼ d3 ¼ 0 ð5:26Þ
Then using (5.25) we obtainlij ¼ ldij; i; j ¼ 1; 2 ð5:27Þ
Therefore, in this case we obtain from (5.23) the double root m1 = l. This means that the stability conditions
(5.24) are satisﬁed only for l < 0. So, we conclude that the trivial path w(s)  0 is stable for l < 0 (i.e. k < k0),
and unstable for l > 0 (i.e. k > k0).
5.1. Case of symmetric bimodal columns
Referring to Section 4.1, we again consider the special case that the boundary conditions and the column
design are symmetric a(s) = a(1  s), and use antisymmetric y1(s) = y1(1  s) and symmetric y2(s) = y2
(1  s) eigenmodes as the basis functions. For this symmetric case the stability conditions (5.24) can be sim-
pliﬁed and expressed through the integrals A1, B2 and B4 from (4.16). For the group I of solutions in (4.17) we
use (4.16) and (5.24) and obtain l11 = 2A1 , l22 = B2  A1, l12 = 0 after some calculations. Thus, the stability
conditions for the post-buckling path emanating from the antisymmetric mode y1(s) areA1 P 0; B2  A1 P 0 ð5:28Þ
For the group II of solutions in (4.17) we have l11 = B2  B4, l22 = B4, l12 = 0. So, the stability conditions for
the post-buckling path emanating from the symmetric mode y2(s) areB4 P 0; B2  B4 P 0 ð5:29Þ
Eventually, for the groups III–IV of solutions in (4.17) we getl11 ¼ 2A1ðB4  B2ÞðA1 þ B4  2B2Þ ; l22 ¼
2B4ðA1  B2Þ
ðA1 þ B4  2B2Þ ; l12 ¼
2B2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðA1  B2ÞðB4  B2p Þ
ðA1 þ B4  2B2Þ ;
l11l22  l212 ¼
4ðA1  B2ÞðB4  B2ÞðA1B4  B22Þ
ðA1 þ B4  2B2Þ2
ð5:30ÞAccording to (4.17) post-buckling paths for the groups III–IV exist only if the coeﬃcients A1  B2 and
B4  B2 have the same sign and A1 + B4  2B2 6¼ 0. Then from (5.24) and (5.30) we deduce the stability con-
ditions for the post-buckling paths emanating from the mixed modes y3(s) and y4(s) in the formA1 P 0; B4 P 0; A1B4  B22 P 0 ð5:31Þ
We note that for the current symmetric case the three integrals A1, B2 and B4 according to (4.17), (5.28), (5.29),
(5.31) suﬃce to govern the whole initial post-buckling behaviour, and that these integrals only depend on the col-
umn cross-sectional area function, the bimodal buckling load, and its associated buckling modes y1(s) and y2(s).
5.2. Case of unimodal columns
In this subsection we present formulas for post-buckling behaviour and stability of the post-buckling path
for columns with cross-sectional area a(s) possessing a single buckling mode y0(s) at the critical buckling load
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sions (4.1), (4.4) with the normalization condition (4.2), we multiply Eq. (4.10) by y0(s) and integrate over
[0,1]. As a result we obtainl ¼ 2
Z 1
0
a2y0020 y
02
0 ds
k0
2
Z 1
0
y040 ds ð5:32ÞSo, in the unimodal case we have only a single post-buckling equilibrium state w(s) = e(y0(s) + e
2v(s) + . . .),
k = k0 + e
2l + . . ., emanating from the trivial state w(s)  0.
To study the stability of this equilibrium state we have to investigate the second order variation (5.3). Tak-
ing expansions (5.14) for an extremal g(s) of the second order variation d2V, instead of (5.16) we obtainm0 ¼ 0; g0ðsÞ ¼ y0ðsÞ ð5:33Þ
Multiplying (5.17) by y0(s) and integrating over [0,1], we getm1 ¼
Z 1
0
ðd1y 0020 þ d2y 020  k0d3y020 Þds l ð5:34ÞThe coeﬃcient m1 is responsible for the stability of the new equilibrium state: it is stable if m1 > 0, and unstable
if m1 < 0. Substituting in (5.34) the coeﬃcients d1, d2, d3 from (5.13) and using (5.32), we ﬁndm1 ¼ 3 2
Z 1
0
a2y 0020 y
02
0 ds
k0
2
Z 1
0
y040 ds
 
 l ¼ 2l ð5:35ÞThis means that the post-buckling path is stable (m1 > 0) only if it is supercritical l > 0 (i.e. k > k0), and it is
unstable if it is subcritical l < 0 (i.e. k < k0).
5.2.1. Example
Consider as an example a column with clamped-clamped boundary conditions w(0) = w
0
(0) = 0,
w(1) = w
0
(1) = 0 and no elastic foundation c = 0. The initial post-buckling behaviour of a unimodal column
is given by (5.1). Integrating Eq. (4.5) once, we obtainða2y000Þ0 þ k0y 00 ¼ N ð5:36Þ
where N is a constant. Expressing the term k0y00 from this equation and inserting it into the second integral in
(5.32) we ﬁndk0
Z 1
0
y040 ds ¼
Z 1
0
y030 N  ða2y000Þ0
 
ds ¼ N
Z 1
0
y 030 ds
Z 1
0
y030 dða2y 000Þ
¼ N
Z 1
0
y 030 dsþ 3
Z 1
0
a2y0020 y
02
0 ds ð5:37ÞHere we have used integration by parts and the boundary conditions.
Substitution of (5.37) into (5.32) results inl ¼ 1
2
Z 1
0
a2y0020 y
02
0 ds N
Z 1
0
y 030 ds
 
ð5:38ÞAccording to this expression, if the design and the buckling mode are symmetric a(s) = a(1  s),
y0(s) = y0(1  s), then y00ðsÞ ¼ y00ð1 sÞ, and the last term in (5.38) drops out. In this case we havel ¼ 1
2
Z 1
0
a2y 0020 y
02
0 ds > 0 ð5:39ÞThis means stable supercritical post-buckling behaviour for the symmetric eigenmode. However, presence of
elastic foundation c > 0 can change such behaviour.
Note that the post-buckling analysis of a unimodal simply supported column without elastic foundation
has been treated earlier by Keller (1960) and Frauenthal (1973) who showed that in this case the bifurcation
is always supercritical, l > 0.
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Then according to (4.15)–(4.17) we obtain l2 = B4 > 0. This shows that for the symmetric column with no
elastic foundation (c = 0) at least one l associated with the symmetric eigenmode is positive.
6. Numerical results
For thin elastic columns with clamped-clamped ends and clamped-simply supported ends, and for several
values of the stiﬀness modulus of the elastic foundation, in this section we ﬁrst apply the method developed in
Section 2 to determine the column designs associated with optimum values of their (single or bimodal) fun-
damental buckling eigenvalue. Subsequently, based upon the analyses in Sections 3–5, for each of these opti-
mized column designs we establish numerical results for the initial post-buckling behaviour and the stability
properties of the post-buckling states of the columns.
The results will be presented within the non-dimensional framework used throughout this paper. The basis
for this is that the coordinate x is non-dimensionalized by means of L, and the dimensionless cross-sectional
area function a(x), buckling load k and foundation modulus c are deﬁned byaðxÞ ¼ AðxÞL=V ; k ¼ PL4=ðEaV 2Þ; c ¼ CL6=ðEaV 2Þ ð6:1Þ
where A(x) is the cross-sectional area function, L and V the given length and volume, and P the fundamental
buckling load of the dimensional column. The symbols E and C denote Young’s modulus of the column mate-
rial and the stiﬀness modulus of the foundation, respectively. It is assumed that the column has geometrically
similar cross-sections with the second area moment given by I(x) = aA2(x) where the constant a is given by the
cross-sectional geometry.
To ﬁnd numerical solutions to the non-dimensional optimization problem (1.4), (1.5) we sub-divide the
interval [0,1] for x into K segments of equal length and consider the column having individual constant
cross-sections ai(x) = ai at each of the segments xi1 6 x 6 xi, i = 1, . . . ,K. The values of ai are treated as
design variables, and no minimum or maximum constraints are speciﬁed for these. Naturally, the interval
[0,1] is discretized into much larger number of subintervals for accurate computation of the eigenfunctions
and their derivatives, and the functions and quantities that depend on these.
As mentioned earlier, examples of optimized columns will be presented for (symmetric) clamped-clamped
boundary conditions and for (non-symmetric) clamped-simply supported conditions. For each value of the
elastic foundation modulus c and set of boundary conditions considered, the fundamental buckling eigenvalue
ku of a uniform comparison column with the same volume, length and material as the optimum one will be
used as a reference for the gain of the optimization.
It should be mentioned that by the numerical solution procedure in Section 2.1 for bimodal columns, the
necessary condition (1.25) for optimality will be directly satisﬁed, and for all the bimodal solutions presented
in the current section, we have checked that the necessary condition (1.26) is satisﬁed as well.
To determine the initial super- or subcritical post-buckling behaviour and the stability properties of the
post-buckling equilibrium states of the optimized columns with bimodal buckling eigenvalues, we ﬁrst use
the (in general asymmetric) eigenmodes y1 and y2 and their derivatives for the optimum column design to com-
pute by numerical integration the integrals in (4.11) appearing as the coeﬃcients Ai, Bi, i = 1, . . . ,4 in (4.13).
We then solve (4.13), (4.9) for the unknown quantities l and associated values of c1, c2 which describe the
post-buckling equilibrium states emanating from the trivial solution w  0 at the bifurcation point. Finally,
we apply the conditions l11 P 0; l22 P 0; l11l22  l212 P 0 in (5.24) with lij deﬁned in (5.25) to determine
whether these post-buckling paths are stable or unstable.
For the purpose of comparing the post-buckling characteristics of the optimized columns, we also investi-
gate numerically whether the post-buckling states of the corresponding uniform columns are stable or
unstable.
6 .1. Optimized columns with clamped-clamped ends
Figs. 2, 4, 6 and 8 illustrate clamped-clamped stepped columns with optimum values of their fundamental
buckling eigenvalue. The columns are shown to suitable scale, and the linear dimensions perpendicular to the
Fig. 2. Clamped-clamped optimum column with 50 equal length segments and without elastic foundation (c = 0). The optimum buckling
eigenvalue kopt = 52.105 is bimodal with eigenmodes shown above, and kopt/k
u = 1.32. Column has four supercritical initial equilibrium
states #1 to #4 shown below. Of these, #1 (antisymmetric) and #2 (symmetric) are stable (drawn in full line), and #3 and #4 are unstable
(drawn in dotted line). The corresponding initial post-buckling paths are shown in Fig. 3. The post-buckling equilibrium state of the
corresponding uniform column is supercritical and stable.
N. Olhoﬀ, A.P. Seyranian / International Journal of Solids and Structures 45 (2008) 3967–3995 3983column axes are proportional to the square root of the cross-sectional areas. All the designs in Figs. 2, 4, 6 and
8 are found to be symmetric and associated with a bimodal optimum buckling load. Note that we have made
no a priori assumption regarding symmetry of the optimum clamped-clamped columns, and we ﬁnd by com-
putation that c12 = 0 (or b12 = 0) for all the solutions obtained.
The fundamental eigenfunctions of the optimum columns are illustrated in the upper parts of the ﬁgures,
while the initial post-buckling equilibrium states are indicated by numbers and shown in the lower parts of the
ﬁgures. The initial post-buckling load-deﬂection paths associated with the equilibrium states are depicted in
companion ﬁgures where the parameter e represents a small norm of the deﬂections, cf. (4.3). In all the remain-
ing ﬁgures, stable initial equilibrium states and load-deﬂection paths are drawn in full line, while unstable ones
are drawn in dotted line.6.1.1. Case of c = 0
Fig. 2 shows in the middle the optimum design of the doubly clamped stepped column without elastic foun-
dation (c = 0). The optimum (bimodal) buckling eigenvalue of the column is kopt = k1 = k2 = 52.105, and the
associated eigenfunctions y1 and y2 (antisymmetric and symmetric) are shown in the upper part of the ﬁgure.
We ﬁnd that kopt/k
u = 1.32, i.e., the optimum bimodal buckling load is 32.0% higher than the (simple) buck-
ling load of a corresponding uniform column with both ends clamped and the same volume, length and mate-
rial. It should be noted that the buckling load kopt = 52.105 for the stepped optimum column in Fig. 2 with 50
design variables is only marginally less than the bimodal optimum buckling load kopt = 52.356 for the classical
clamped-clamped continuum column (with, in principle, inﬁnitely many design variables) determined by Olhoﬀ
and Rasmussen (1977).
We ﬁnd that the optimized column in Fig. 2 possesses four supercritical equilibrium states, and these are
shown as #1 to #4 in the lower part of the ﬁgure. Referring the reader to Section 4 and the data given in
Table 1 for the case of c = 0, these supercritical initial post-buckling states are associated with the data
l1 = 14.10 with c1 = 1, c2 = 0 (#1, antisymmetric state); l2 = 17.17 with c1 = 0, c2 = 1 (#2, symmetric state);
and l3 = l4 = 27.06 with c1 = 0.7306, c2 = 0.6829 (#3 and #4, asymmetric states). Of the four supercritical
equilibrium states, the antisymmetric (#1) and the symmetric (#2) ones are stable, and are drawn in full line
in the lower part of Fig. 2. However, the two asymmetric states (#3 and #4) are unstable (as l11l22  l212 is
Table 1
Numerical results for optimized clamped-clamped columns
c Optimized design Uniform design
kopt kopt/k
u l1 l2 l3 l4 c1 c2 l11 l11l22  l212 Post-buckling
equilibrium state
lu Post-buckling
equilibrium state
14.10 1 0 Positive Positive Stable
0 52.105 (bimodal) 1.32 17.17 0 1 Positive Positive Stable 9.87 Stable
27.06 0.7306 0.6829 Positive Negative Unstable
27.06 0.7306 0.6829 Positive Negative Unstable
11.25 1 0 Positive Positive Stable
300.0 71.696 (bimodal) 1.164 0.336 0 1 Positive Negative Unstable 4.15 Unstable
12.152 0.8876 0.4605 Positive Negative Unstable
12.152 0.8876 0.4605 Positive Negative Unstable
876.7 102.55 (bimodal) 1.039 5.022 1 0 Positive Negative Unstable *) Unstable
26.90 0 1 Positive Negative Unstable Unstable
18.21 1 0 Negative Negative Unstable
2500 146.82 (bimodal) 1.12 25.26 0 1 Positive Negative Unstable 25.35 Unstable
17.85 0.9048 0.4258 Negative Positive Unstable
17.85 0.9048 0.4258 Negative Positive Unstable
*) Uniform column is bimodal and has two post-buckling equilibrium states given by: lu1 ¼ 0:693; c1 ¼ 1; c2 ¼ 0; l11 Negative, l11l22  l212 Negative: state is supercritical and
unstable. lu2 ¼ 22:21; c1 ¼ 0; c2 ¼ 1; l11 Negative, l11l22  l212 Negative: state is subcritical and unstable.
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N. Olhoﬀ, A.P. Seyranian / International Journal of Solids and Structures 45 (2008) 3967–3995 3985negative, see (5.24) and the case of c = 0 in Table 1), and they are drawn in dotted line in the lower part of
Fig. 2.
Fig. 3 depicts the load-deﬂection paths for the initial post-buckling equilibrium states #1 to #4 in Fig. 2.
For k > kopt the bimodal optimum column buckles to the stable antisymmetric or symmetric equilibrium states
(#1 or #2 in Fig. 2), since the trivial equilibrium state and the asymmetric ones (#3 and #4 in Fig. 2), all shown
in dotted line, are unstable, while for k < kopt there is no solution (at least for the small deﬂection norm e)
except for the stable trivial equilibrium state.
As is well-known, for the case of c = 0 considered here, the corresponding uniform comparison column
is unimodal and only has a single initial post-buckling state which is symmetric. We have veriﬁed numer-
ically that this post-buckling state is supercritical and stable (cf. Section 5.2 and the example in Section
5.2.1).
6.1.2. Case of c = 300
Fig. 4 illustrates in the middle the stepped optimum column design for c = 300. For this solution the
optimum bimodal buckling eigenvalue is kopt = k1 = k2 = 71.696, which is 16.4% larger than the (simple)
buckling eigenvalue of the corresponding uniform column on the same foundation. The two eigenfunctions
y1 (antisymmetric) and y2 (symmetric) associated with the optimum eigenvalue are shown in the upper part
of Fig. 4.
We ﬁnd that the optimized column in Fig. 4 possesses three supercritical and one subcritical equilibrium
state, and these are shown in the lower part of Fig. 4. Referring to Section 4 and the data given in Table 1
for the case of c = 300, the three supercritical equilibrium states are associated with the data l1 = 11.25,
c1 = 1, c2 = 0 (#1, antisymmetric state), and l3 = l4 = 12.152, c1 = 0.8876, c2 = 0.4605 (#3 and #4, asymmet-
ric states). The subcritical equilibrium state is associated with l2 = 0.336, c1 = 0, c2 = 1 (#2, symmetric
state). Of these equilibrium states, only the supercritical antisymmetric state (#1) is stable, and it is drawn
in full line in Fig. 4. The other three equilibrium states are unstable (as l11l22  l212 is negative, see (5.24)
and the case of c = 300 in Table 1), and these states are drawn in dotted line in Fig. 4.
Fig. 5 illustrates that for k > k0 only the load-deﬂection path #1 corresponding to the antisymmetric equi-
librium state #1 in Fig. 4 is stable, while for k < k0 the path corresponding to the symmetric state is now unsta-
ble and only the trivial pre-buckling path is stable. Thus, relative to the case of c=0 in Figs. 2 and 3, where
both the antisymmetric (#1) and symmetric (#2) initial post-buckling states are supercritical and stable, it is
not physically surprising that by increasing the stiﬀness of the elastic foundation to c = 300, only the antisym-
metric equilibrium state remains supercritical and stable.
The corresponding uniform comparison column only has a single initial post-buckling state, and we have
found that this is both subcritical and unstable.λ
ε
λopt
3 & 4 12
Fig. 3. Load-deﬂection paths of the initial post-buckling equilibrium states #1 to #4 in Fig. 2. Paths #1 and #2 are stable (full lines), while
the path for the equilibrium states #3 and #4 are unstable (dotted line). The parameter e represents a small norm of the deﬂections deﬁned
by (4.3).
c = 300.0
λ λ
2
3
1
4
Fig. 4. Clamped-clamped optimum column with foundation modulus c = 300. Optimum buckling eigenvalue kopt = 71.696 is bimodal
with eigenmodes shown above, and kopt/k
u = 1.164. The initial post-buckling equilibrium states are shown below. Of these, #1
(antisymmetric) is supercritical and stable (full line), #3 and #4 (asymmetric) are supercritical and unstable (dotted line), while #2
(symmetric) is subcritical and unstable (dotted line). The corresponding initial post-buckling paths are shown in Fig. 5. The post-buckling
equilibrium state of the corresponding uniform column is subcritical and unstable.
λ
ε
λopt
3 & 4
2
1
Fig. 5. Initial load-deﬂection paths of the post-buckling equilibrium states #1 to #4 in Fig. 4. The parameter e represents a small norm of
the deﬂections deﬁned by (4.3).
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Our interest in considering the case of c = 876.7 is that at this value of the foundation modulus, the buck-
ling load of the corresponding uniform, clamped-clamped comparison column is bimodal (with
ku ¼ ku1 ¼ ku2 ¼ 98:67Þ.
Fig. 6 shows in the middle the optimum design of the stepped column with two clamped ends for c = 876.7.
We ﬁnd that this design is associated with a bimodal optimum buckling eigenvalue kopt = k1 = k2 = 102.55
which is only 3.9% larger than the buckling load of the corresponding uniform column. The two eigenfunc-
tions y1 (antisymmetric) and y2 (symmetric) associated with the optimum eigenvalue are shown in the upper
part of Fig. 6.
We ﬁnd that the optimized column in the middle of Fig. 6 possesses only two initial post-buckling equilib-
rium states, of which one is supercritical (#1) and one is subcritical (#2), and these are shown in the lower part
of Fig. 6. Referring to Section 4 and data given for the case of c = 876.7 in Table 1, the supercritical equilib-
rium state (#1) is associated with the data l1 = 5.022, c1 = 1, c2 = 0 and is antisymmetric, while the subcritical
λ2
1
c = 876.7
λ
Fig. 6. Clamped-clamped optimum column with foundation modulus c = 876.7. Optimum buckling eigenvalue kopt = 102.55 is bimodal
with eigenmodes shown above, and kopt/k
u = 1.039. In this case only two initial post-buckling equilibrium states are found, and these are
shown below: #1 (antisymmetric) is supercritical and unstable, and #2 (symmetric) is subcritical and unstable. The corresponding post-
buckling paths are illustrated in Fig. 7. For c = 876.7 the corresponding uniform column is also bimodal, and also has one supercritical
and one subcritical equilibrium state, both of which are unstable.
N. Olhoﬀ, A.P. Seyranian / International Journal of Solids and Structures 45 (2008) 3967–3995 3987state (#2) is associated with l2 = 26.90, c1 = 0, c2 = 1 and is symmetric. Neither of these initial equilibrium
states are stable, (as l11l22  l212 is negative, see (5.24) and Table 1).
Fig. 7 illustrates, for small values of the deﬂection norm e, the unstable load-deﬂection paths #1 (supercrit-
ical) and #2 (subcritical) determined for the two equilibrium states #1 and #2 in Fig. 6.
We have found that the corresponding uniform comparison column corresponding to c = 876.7 (which is
also bimodal) has also one supercritical and one subcritical initial equilibrium state, both of which are
unstable.6.1.4. Case of c = 2500
Fig. 8 illustrates in the middle the stepped optimum column design for c = 2500. For this solution, the opti-
mum bimodal buckling load is kopt = k1 = k2 = 146.82, which is 12% larger than the (simple) buckling load of
the corresponding uniform comparison column. The two eigenfunctions y1 (antisymmetric) and y2 (symmet-
ric) associated with the optimum eigenvalue are shown in the upper part of Fig. 8. The optimum columnλ
ε
λopt
1
2
Fig. 7. Initial load-deﬂection paths of the unstable post-buckling equilibrium states #1 (supercritical) and #2 (subcritical) in Fig. 6.
Parameter e represents a small norm of the deﬂections deﬁned by (4.3).
λ2
3
1
4
c = 2500.0
λ
Fig. 8. Clamped-clamped optimum column with foundation modulus c = 2500. Optimum buckling eigenvalue kopt = 146.82 is bimodal
with eigenmodes shown above, and kopt/k
u = 1.12. The column has four initial post-buckling equilibrium states #1 to #4 as shown below.
Of these, #1 is antisymmetric and #2 symmetric. All the initial equilibrium states are subcritical and unstable, and their associated post-
buckling paths are indicated in Fig. 9. The post-buckling equilibrium state of the corresponding uniform column is also subcritical and
unstable.
3988 N. Olhoﬀ, A.P. Seyranian / International Journal of Solids and Structures 45 (2008) 3967–3995design in Fig. 8 illustrates that the waviness of the optimum designs increases with increasing values of the
modulus c of the elastic foundation.
We ﬁnd that the optimized column in Fig. 8 possesses four subcritical equilibrium states, and these are
shown in the lower part of the ﬁgure. Referring to Section 4 and the data given in Table 1 for the case of
c = 2500, these subcritical equilibrium states are associated with the data l1 = 18.21, c1 = 1, c2 = 0 (#1, anti-
symmetric state); l2 = 25.26, c1 = 0, c2 = 1 (#2, symmetric state); and l3 = l4 = 17.85, c1 = 0.9048,
c2 = 0.4258 (#3 and #4, asymmetric states). All these subcritical post-buckling states are unstable (see
(5.24) and the data given for the case of c = 2500 in Table 1), and are drawn in dotted line in Fig. 8. The initial
load-deﬂection paths of these unstable, subcritical post-buckling equilibrium states are depicted in Fig. 9.
We have found that the corresponding uniform comparison column only has a single post-buckling equi-
librium state, and that this state is subcritical and unstable.
6.1.5. Remark
It is worth noting that the initial post-buckling behaviour presented in Figs. 3, 5, 7 and 9 correspond to the
cases 1, 3, 14 and 5 in the classiﬁcation of 16 possible cases of bifurcations for discrete symmetric systems atλ
ε
λopt
1
2
3 & 4
Fig. 9. Initial load-deﬂection paths of the unstable, subcritical post-buckling equilibrium states #1 to #4 in Fig. 8.
N. Olhoﬀ, A.P. Seyranian / International Journal of Solids and Structures 45 (2008) 3967–3995 3989bimodal critical points presented in a recent paper by Mailybaev and Seyranian (2008). Actually, the number
of possible cases in that paper is only 14 since the cases 5 and 10 as well as 15 and 16 are equivalent from a
mechanical point of view.
6.2. Optimized columns with clamped-simply supported ends
Next, we present numerical results for optimum designs of stepped columns with one end clamped and the
other simply supported, see Figs. 10, 12–14. Due to the asymmetric boundary conditions, all the optimum col-
umn designs obtained are asymmetric.
It is characteristic that both for clamped-simply supported and doubly clamped boundary conditions, the
optimum solutions for continuum columns without minimum cross-sectional area constraints are associated
with bimodal buckling loads for any value cP 0 of the modulus of the elastic foundation. However, for
the stepped clamped-simply supported columns under consideration, with the ﬁnite dimension K = 50 of
the design space, the optimum designs are associated with simple buckling eigenvalues for values of c up to
a threshold value of approximately 170, and are only associated with bimodal optimum buckling eigenvalues
for larger values of c.
6.2.1. Case of c = 0
Fig. 10 shows the stepped optimum column design for c = 0, i.e., without an elastic foundation. Its buckling
eigenvalue kopt = k1 = 27.048 is unimodal, and 34.0% larger than that of a corresponding uniform comparison
column. The eigenmode y1 associated with the optimum buckling eigenvalue is depicted in the upper part of
Fig. 10. We have checked that the ﬁnal solution satisﬁes the necessary condition (1.12) for a unimodal opti-
mum design.
The optimum column only possesses a single initial post-buckling equilibrium state, cf. the discussion in
Section 5.1. This post-buckling state is a scaling of the eigenfunction shown in the upper part of Fig. 10
and is associated with l1 = 7.649, i.e., it is supercritical and stable, see Table 2. The initial load-deﬂection path
of the post-buckling state is shown in Fig. 11.
We have found that the corresponding uniform comparison column (with c = 0) also has only a single ini-
tial post-buckling state, and this state is also supercritical and stable.
A closer investigation has shown that optimized clamped-simply supported columns associated with values
of c in the range from 0 up to 105.5 have a stable supercritical equilibrium state, while it is noteworthy that
corresponding uniform comparison columns only have a stable supercritical equilibrium state for values of c
in the range from 0 up to 57.4.
6.2.2. Cases of c = 200, 500 and 2000
Fig. 12 shows in the middle the stepped optimum column design for c = 200. For this solution, the opti-
mum buckling eigenvalue is bimodal with kopt = k1 = k2 = 43.130, which is 19.6% larger than the (simple)λ
c = 0
λ
Fig. 10. Clamped-simply supported optimum column with 50 equal length segments and without elastic foundation (c = 0). The optimum
buckling eigenvalue kopt = 27.048 is single modal with the eigenmode shown above, and kopt/k
u = 1.340. The column has a single post-
buckling equilibrium state which is a scaling of the eigenmode and is supercritical and stable. The post-buckling equilibrium state of the
corresponding uniform column with c = 0 is also supercritical and stable.
Table 2
Numerical results for optimized clamped-simply supported columns
c Optimized design Uniform design
kopt kopt/k
u l1 l2 c1 c2 l11 l11l22  l212 Post-buckling
equilibrium state
lu Post-buckling
equilibrium state
0 27.048 (single modal) 1.340 7.649 — — — — — Stable 3.798 Stable
200.0 43.130 (bimodal) 1.196 14.66 0.3878 0.9217 Negative Negative Unstable 9.014 Unstable
6.989 0.9977 0.0681 Negative Negative Unstable
500.0 66.298 (bimodal) 1.188 6.374 0.7480 0.6637 Negative Negative Unstable 21.09 Unstable
27.31 0.4703 0.8825 Negative Negative Unstable
2000.0 115.85 (bimodal) 1.181 0.365 0.4093 0.9124 Negative Positive Unstable 27.96 Unstable
24.36 0.9999 0.0103 Negative Negative Unstable
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Fig. 11. The supercritical, stable load-deﬂection path of the initial post-buckling equilibrium state of the optimum column in Fig. 10.
λ
c = 200.0
λ
2
1
Fig. 12. Clamped-simply supported optimum column with foundation modulus c = 200. Optimum eigenvalue kopt = 43.130 is bimodal
with eigenfunctions shown above, and kopt/k
u = 1.196. The column has one supercritical and one subcritical post-buckling equilibrium
state. Both of these are unstable and are drawn in dotted line below. The post-buckling equilibrium state of the corresponding uniform
column is subcritical and unstable.
N. Olhoﬀ, A.P. Seyranian / International Journal of Solids and Structures 45 (2008) 3967–3995 3991buckling load of the corresponding uniform comparison column. The two asymmetric eigenfunctions y1 and
y2 associated with the optimum eigenvalue are shown in the upper part of Fig. 12.
We ﬁnd that the optimized column in Fig. 12 possesses one supercritical equilibrium state (#1) which is
associated with the data l1 = 14.66, c1 = 0.3878, c2 = 0.9217, and one subcritical equilibrium state (#2) which
is associated with l2 = 6.989, c1 = 0.9977, c2 = 0.0681. Referring to (5.24) and the data given in Table 2 for
the case of c = 200, these post-buckling equilibrium states are both unstable, and they are drawn in dotted line
in the lower part of Fig. 12. The initial load-deﬂection paths of these unstable post-buckling equilibrium states
#1 (supercritical) and #2 (subcritical) are qualitatively similar to those shown in Fig. 7.
The corresponding uniform comparison column (with c = 200) has only a single post-buckling equilibrium
state, and we have found that this state is subcritical and unstable.
Fig. 13 illustrates in the middle the stepped optimum column for c = 500, with results listed in Table 2. The
results for the optimization as well as the post-buckling characteristics for both the optimized column and the
corresponding uniform comparison column are qualitatively similar to those obtained for the preceding case
of c = 200 shown in Fig. 12 and discussed above.
Fig. 14 shows the stepped optimum column obtained for c = 2000, and the results are listed in Table 2. The
results are quantitatively similar to those obtained for the preceding two examples of c = 200 shown in Fig. 12
and c = 500 in Fig. 13, with the only exception that the two initial post-buckling equilibrium states #1 and #2
λ2
1
c = 500.0
λ
Fig. 13. Clamped-simply supported optimum column with foundation modulus c = 500. Optimum eigenvalue kopt = 66.298 is bimodal
with eigenfunctions shown above, and kopt/k
u = 1.188. The column has one supercritical and one subcritical equilibrium state. Both of
these are unstable and are drawn in dotted line below. The post-buckling equilibrium state of the corresponding uniform column is
subcritical and unstable.
λ
2
1
c = 2000.0
λ
Fig. 14. Clamped-simply supported optimum column with foundation modulus c = 2000. Optimum buckling eigenvalue kopt = 115.85 is
bimodal with eigenfunctions shown above, and kopt/k
u = 1.181. The column has two subcritical equilibrium states and both are unstable.
The post-buckling equilibrium state of the corresponding uniform column is subcritical and unstable.
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these post-buckling states are quantitatively similar to those shown in Fig. 9 (without paths #3 & #4).
As in the previous two examples, we have found that for c = 2000 the uniform comparison column also
only possesses a single post-buckling equilibrium state, and that this state is also subcritical and unstable.7. Inﬂuence of optimization on the post-buckling behaviour
With a view to assess the inﬂuence of the optimization on the post-buckling behaviour, we in this section
compare the post-buckling results for the optimized columns with the results for corresponding uniform col-
umns having the same volume, length, material, boundary conditions, and foundation modulus as the opti-
mum columns.
In Fig. 15 we depict one of the worst cases of unstable subcritical initial post-buckling paths #1, #2, #3 and
#4 for one of the optimized columns (c = 2500.0, clamped-clamped boundary conditions) taken from Figs. 8
and 9, and compare them with the single unstable subcritical post-buckling path for the corresponding uni-
λλopt
λu
u
2
1
3 & 4
ε
Fig. 15. Unstable, subcritical initial post-buckling paths #1 to #4 of the clamped-clamped optimum column with the foundation modulus
c = 2500.0 in Fig. 8 and the unstable, subcritical initial post-buckling path u of the corresponding uniform column. The optimum buckling
load kopt = 146.82 is 12% higher than buckling load k
u of the corresponding uniform column. The parameter e represents a small norm of
the deﬂections of the post-buckling equilibrium states.
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column results in gaining a 12% higher buckling load with a more complicated initial post-buckling behaviour
than the corresponding uniform column. However, the lowest subcritical post-buckling path #2 of the opti-
mum column has the curvature l2 = 25.26, and is hence marginally more ﬂat than the post-buckling path
u of the corresponding uniform column that has the curvature lu = 25.35. Together with the higher value
of the buckling load, this means that the lowest initial path #2 of the optimum column is everywhere located
above the initial path u of the uniform column. Thus, the optimization increases the buckling load, and
endows the optimum column with an initial post-buckling behaviour which is actually better than that of
the corresponding uniform column.
The same statement holds true for the other cases with subcritical initial post-buckling paths of the opti-
mum columns, although in two of these cases (c = 876.7, clamped-clamped; and c = 500.0, clamped-simply
supported boundary conditions), the subcritical post-buckling path u of the uniform column is somewhat
more ﬂat than the (in both cases only single) subcritical post-buckling path of the optimum column, cf. Tables
1 and 2. However, in each of these cases, the higher value of the buckling load of the optimum column ensures
that there is an interval from zero up to a threshold value for the small parameter e, in which the subcritical
post-buckling path of the optimum column is located above the subcritical path u of the corresponding uni-
form column.
As one of our most positive examples of post-buckling behaviour, we may consider Fig. 3, that refers to the
case illustrated in Figs. 2 and 3 of a clamped-clamped optimum column without elastic foundation (c = 0).
Note that when disregarding the stepped cross-sectional area function in Fig. 2, this is the classical bimodal
column obtained for the ﬁrst time numerically by Olhoﬀ and Rasmussen (1977) and later conﬁrmed analyt-
ically by Seyranian (1984) and Masur (1984) to be correct to within a slight deviation of the sixth digit of
the optimum bimodal buckling load. As shown in Fig. 3, the optimum column in Fig. 2 has four supercritical
initial post-buckling paths, of which #3 and #4 are unstable and #1 and #2 are stable. Here, the lowest (or
rightmost) post-buckling path #1 of the optimum column has the curvature l1 = 14.10. The corresponding
uniform column only has a single, supercritical post-buckling path, which is also stable, and it has the curva-
ture lu = 9.87 (see Table 1). Thus, if drawn in Fig. 3, the curve for the post-buckling path for the uniform
column would be not only more ﬂat than the path #1 for the optimum column, but also emanate from a
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u = 1.32. This means that there is a relatively
large distance, which increases with e, between the stable supercritical initial post-buckling path #1 for the
optimum column and the corresponding post-buckling path for the uniform column. Thus, the optimization
has clearly improved the post-buckling characteristics in this case.
Based on the above discussion of the numerical results presented in this paper, we cannot share a warning
by Thompson (1972), Thompson and Hunt (1973), and Tvergaard (1973), cf. the Introduction, against ‘‘opti-
mization as a generator of structural instability” and ‘‘dangerous coupling of modes”, etc. However, our res-
ervation against this warning is based on the fact that we have only considered geometrically perfect columns,
and not included imperfections in the present study.
8. Conclusions
In this paper, the optimization problems for columns resting on an elastic foundation and allowing for
bimodal solutions are formulated. Geometrical imperfections are not considered. The necessary optimality
conditions in a continuous formulation are derived and a numerical method to obtain the bimodal solutions
is developed. For diﬀerent values of the foundation stiﬀness modulus c, including c = 0, optimum columns
with clamped-clamped and clamped-simply supported ends are obtained.
Then the equilibrium equation for a non-extensible, geometrically nonlinear elastic column is derived. The
initial post-buckling behaviour of a bimodal column near the critical (bifurcation) point is studied using a per-
turbation method. It is shown that there may be up to four initial post-buckling paths emanating from the
trivial equilibrium state, and the conditions for stability of these post-buckling paths are derived. These the-
oretical derivations pertaining to the initial post-buckling paths and their stability properties are also valid for
non-optimum columns. Actually, the variational approach developed in this paper can be applied for studies
of the post-buckling behaviour of several other mechanical systems with bimodal buckling loads.
Subsequently, the theoretical results are applied for assessment of the initial post-buckling behaviour of
each bimodal and unimodal optimized column in the paper. We ﬁnd that the optimized columns possess crit-
ical buckling loads that are increased by 3.9–34% compared with corresponding uniform columns. It is shown
that when the modulus of the elastic foundation is small, supercritical stable post-buckling paths are typical.
With an increase of the modulus of the elastic foundation, subcritical unstable post-buckling paths become
typical, and this phenomenon depends mostly on the value of the elastic foundation and is not much inﬂu-
enced by the optimization.
Finally, it is worth noting that for all the examples considered in this paper, we have found that the opti-
mization with respect to the buckling load has actually improved the post-buckling characteristics of the col-
umns relative to those of corresponding uniform columns.
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